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Abstract 

New relations between QCD Borel sum rules for magnetic moments of 
and A hyperons are constructed. It is shown that starting from the sum 
rule for the T,^ hyperon magnetic moment it is straightforward to obtain 
the corresponding sum rule for the A hyperon magnetic moment et vice 
versa. 
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1 Introduction 



Recently a scries of papers were dedicated to study hadron properties of the 
E, Ec, Eft baryons as well as of the A, Ac, A^ ones in the framework of various 
QCD sum rules [1, 2, 3], [4, 5] (we cite only few examples) following pioneer 
works of [6] and works [7, 8, 9]. Many interesting results were obtained. But 
full expressions for mass or magnetic moment sum rules become often too long 
and tedious to achieve and prove. Moreover the A hyperon properties is usually 
treated apart from the other members of the baryon octet. Other A- like states 
also are treated apart from those of the corresponding E-hke states. Is it possible 
to relate results for A and E hypcrons among themselves? 

We propose here nonlinear intercrossed relations which relate QCD sum rules 
for magnetic moments of E hyperon with that of A one and vice versa as well 
as formulae relating sum rules for magnetic moment of E or that of A with the 
corresponding sum rule for the E°A transition magnetic moment. Their origin 
lies in the relation between isotopic, U - and V^-spin quantities and is quasi obvious 
in the framework of the quark model. These relations seem to be useful while 
obtaining hadron properties of the A-like baryons from those of the E-like baryons 
( et vice versa) or checking expressions for them mutually. 

We begin with a simple example based on the NRQM and then proceed to 
the QCD sum rules. 

2 Relation between magnetic moments oiTP and 
A in the NRQM 

Let us write magnetic moments of hyperons E° and A of the baryon octet in the 
NRQM: 

2 2 1 

/x(E°(W,s)) = + -//d - -//s; /i(A) = /is. (1) 

As it is known magnetic moment of any other baryon of the octet but that of 
the A hyperon can be obtained from the expression for the E°. E.g., magnetic 
moment of the E+(mk, s) hyperon is obtained just by putting instead of in 
Eq.(l): 

But magnetic moment of the A hyperon can be also obtained from that of the 
E° one, as well as magnetic moment of the E" can be obtained from that of the 
A one. For that purpose let us formally perform in Eq.(l) the exchange d s to 
get 

2 2 1 

/^(Ej^^J = -Hu + i:l^s - ^/^d; l^{K^s) = l^d (2) 



1 



and the exchange w <-> s to get 

2 2 1 

The following relations are valid: 

2(/i(S°_) + - = 3/x(A); (4) 

2(/.(Arf„,) + /x(A„«,)) - /x(A) = 3/x(E°). 

Also 

/^(SLJ-MSLJ = V3/i(S°A); (5) 
/i(A,^,) - /i(A,^.) = -^;tx(E°A). 

The origin of these relations lies in the structure of baryon wave functions in the 
NRQM with isospin / = 1, and = 0: 

2-\/3|E°(iid, s) >-f= |2it-fd-fSj^ + 2d-fii-|-Sj — u^s-^di — s-^u^di — d^s^ui — s-^d^ui >, 

2|A >|= \d^s^ui + s^d^ui - u^s^di - s^u^d^ >, 

where (g^) means wave function of the quark q (here q = u,d, s) with the 
hehcity +1/2 (-1/2). With the exchanges d ■<r^ s and <-> s one arrives at the 
corresponding [/-spin and F-spin quantities, so U = 1,0 and Us — baryon wave 
functions are 

-2|S°_^(ms, d) >= |S°(Mrf, s) > +V3\A >, 
-2\Ad^s >= -V3|E°(W,s) > +|A >, 
while V — IjVs — and V — baryon wave functions are 

-2E°_,(ds,M) = \E\ud,s) > -VS\A>, 

2\Au^s >= V3|E°(Mrf, s) > +|A > . 
It is easy to show that relations given by Eqs.(2,3) immediately follow. 



3 Relation between QCD correlators for E° and 

A 

Now we demonstrate how similar considerations work for QCD sum rules on the 
example of QCD Borel sum rules for magnetic moments. 

The starting point would be two-point Green's function for hyperons E° and 
A of the baryon octet: 



: J d^xe'P^ < 0|T{77^"'^(x),r7^'''^(0)}|0 >, (6) 
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where isovector (with I3 — 0) and isocalar field operators could be chosen as [4] 

2{u'''^C^^d^)s'' - {u''^C-f5S^)d'' - {d''^C-f5S^)u^], (7) 

where a, b, c are the color indices and u, d, s are quark wave functions, C is charge 
conjugation matrix, 

Wc show now that one can operate with S hyperon and obtain the results for 
the A hyperon. The reasoning would be valid also for charm and beauty E-like 
and A-like baryons. 

In order to arrive at the desired relations we write not only isospin quantities 
but also [/-spin and y-spin ones. 

Let us introduce [/-vector (with f/3 = 0) and [/-scalar field operators just 
formally changing [d s) in the Eq.(7): 

t^'^'^ = ^e„,e[(-2(t."^C • 1 . s'h.d'^ + {U'^^C . 1 . d^) • 75 • S'^ + 

(s«^C-l-d'')-75-«'=)-(l--75)]. (8) 

Similarly we introduce ^-vector (with V3 = 0) and V^-scalar field operators just 
changing {u s) in the Eq.(7): 

77^^"^^^ - ^e„5c[(-2(xi"^C • 1 • s'h^u' + (W'^C ■ 1 ■ u') ■ ^5 ■ + 

(d«^C- •75-5'=) -(1^75)]. (9) 
Field operators of the Eq.(7) and Eq.(8) can be related through 

2^E0(„^.) ^ ^EO ^ (iQ) 

Upon using Eqs.(7-10) two-point functions of the Eq.(6) for hyperons S° and 
A of the baryon octet can be related as 

2[nEO(o(-.) ^ fjEO(n-.)| _ jjS" ^ 3nA^ (H) 
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(12) 



These are essentially nonlinear relations. 

It is seen that starting calculations, e.g., from S-like quantities one should 
arrive at the corresponding quantities for A-like baryons et vice versa. 

Moreover one can obtain QCD Borel sum rule for the E° — A transition mag- 
netic moment using the relations 



2 JfjSO(«^s) _ gSO(d^s) 
2 j^pjA(u<->s) ■j--j-A(d<->s) 



rAS" 



n 



(13) 
(14) 



4 Intercrossed relations for the QCD magnetic 
moment sum rules 

In order to demonstrate clearly how it works we preferred not to use QCD sum 
rules elaborated by one of us with coauthors [4] , [5] though they perfectly satisfy 
the relations (11-14), but instead to repeat calculations of the first of the QCD 
Borel sum rules for magnetic moments following [7] conserving non-degenerated 
quantities for u and d quarks. 
We would need quantities [6, 7] 

ttg = -(27r)2 <qq>, b =< QcG^ >, 
«9"^o(q) = (27r)^ < gcQcr ■Gq>, q ^ u, d, s. 

< qcr^u^q >F= eqX < m > F^^, (15) 

while the susceptibihties k and ^ are defined through 

< qgsG^i^q >F= egK < qq > F^^, 

^apuu < qgsG'^''-f5q >F= ieq^ <m> Fap- 
Also we would define a factor used to subtract the continuum contribution [6]: 

En{x) = l-e-''{l + x + ...+x''/n\), x = Wl/M^, B = TP,K, 

although here we do not use it. 

We shall construct sum rule for the magnetic moment of the TP hyperon in 
the form 

10 

SR{TP) = £ = /3|o(/x(E°) + AM2)e-^^o/^' + e.s.c, (16) 

and then (rc) derive term by term the corresponding quantities for the A hyperon 
upon using Eq.(ll) and E° — A transition upon using Eq.(13). Here (3yp is a 
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coupling strength of the current to the ground state of this hyperon, while A 
is a constant arising from the non-diagonal transitions and e.s.c. means 'excited 
state contributions. 

We would proceed pass by pass to show also that every group of diagrams 
yields expressions which can be treated through Eqs.(ll,13) in an autonomic way. 
The 1st term T.^^^^ comes from the first two diagrams of the Fig.l. 



us d S u 

u 



Fig.l ^ 

where from the auxiliary quantities S^^^'' and S^^^^ would be 

Applying Eq.(ll) we arrive at the contribution of the A hyperon A^^-* given already 
by all three diagrams of the Fig.l: 

A^'^ = Y^(en + e, + 4e,) 

in agreement with the 1st term of the Eq.(29) in [7]. The difference between these 
auxiliary quantities just gives up to a factor y/S the S°A transition magnetic 
moment in accordance with the relation (13): 

v^(S°A)« = SO«-S°« = ^(e.-e,), 

which agrees with the corresponding term in [3]. 
The 2nd term E°(2) 

comes from the diagrams of the Fig.2. 




2E°(2) = ___a„ad2(e„ + + 3e,); 
2S°?^ = -Y^(^uas2{eu + e, + Se^); 



Upon applying Eq.(ll) we obtain 



^4/9 

{2[(e„a„ + erfttd) + 3(e„ad + e^a^) + es(a„ + a^)]- 



54M2 

aMad(e„ + + Se^)}. 

Taking a„ = = a, a^/a = / + 1, we get 

/,4/9 

in agreement with the Eq.(29) in [7]. 

The difference between these auxihary quantities yields: 

7,4/9 

V3(E°A)'^^' = Y^^as[(a„e„ - adCd) + 3{edau - Cuad) + e^(a„ - ad)] 

^4/9 

^ ( a„ = fld = a) - -^^o-sCiieu - e^). 

in agreement with the corresponding term in [3]. 

The 3nd term E^'-^-* comes from the convergent part of the diagrams of the 
Fig.3-5. 



Fig.3 Fig.4 Fig.5 

2S°(^) = ^(2e„ + 2e. + e.). 
It is straightforward to obtain from Eq.(ll) 
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again in agreement with the Eq.(29) in [7]. The difference between these auxihary 
quantities gives: 

v^(5:"A)« = ^(e„-e.). 

The 4th term comes from the divergent part of the diagrams of the Fig. 4, regu- 
larized by a cutoff A: 

= UUjr^^^^l^^ - ^ - ^emW^ + e, + 2e,). 
It is straightforward to obtain from Eq.(ll) 

" T92Z^f^ A^^ " ^ " 7i?M](5e„ + 5e, + 2e,) 

again in full agreement with the 4th term of the Eq.(29) in [7]. 
The difference S^^'^-' — S^^'*'' yields: 

V3iJ:'Ap = -J^M^) - 1 - lEM]{eu - e.). 

The 5th term comes from the divergent part of the diagrams of the Fig. 5, regu- 
larized by a cutoff A: 

We readily obtain from Eq.(ll) 

^ = ~ lOSL^f^''^ A^^ " ~ 2A^]^"" + "'^ + ^"^^ 

in agreement with the result of [7]. 
The difference — ff^^^^ yields: 

The 6th term S^^^^ involves susceptibilities '^j ^ ^is it is seen from the 
diagrams of the Fig. 6 and is given by 




2 2 

2S°(^) = -^m' - ^)eu{Xuau)a, + (M^ - ^)e,(x.a.)aj] + 

2^4/9 

-j^[eu{{2Ku - iu)0'uad + ed{{2Kd - ^d)adau)], 
while the auxihary quantities are: 

2 2 

— -[e„((2K„ - ^„)a„as + es{{2Ks - 

io 

2 2 

^4/9 
io 

Upon using Eq.(ll) we get: 

2 2 

(M^ - ^J^) [2e,(xsa.) - ed{xdad)]au + (M^ - [2e„(xna„) + 2erf(xda,)]a4+ 

^4/9 

-— {e^,(2K„-^„)a„(2a^-ad) + erf(2fi;rf-^d)ad(2as-a„) + 2e^(2K^-^^)as(a„ + arf)}, 
iUo 

which with = = a, Xu = Xd = X, = = n, = = ^, and 
tts/a = / + 1, (Xs«s)/(X0') = 0, similar for ^, k, goes to 

Y„2 ^2 ^4/9 

- - ^) + ^^(2^^ - 0«1[(e. + e.)(l + 2/) + 4e.0] 

in accord with [7]. The difference S^^^-* — ^^sf^ yields: 

V3(E0A)(^) ^ -(e„ - e.)[^(M^ " ^) + ^^^^ - Olaa. 

which agrees with the result of [3]. 

Now we perform calculations of the 7th term given by the diagrams of the 
Fig.7: 



u,d y d,u N u,d 

d,u ^ u,d \ / d,u 
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Fig.7 



2^0(7) = ____4[2(e„a„ + edad)ms - (e„ad + edau)ms + 
2es{'mu + md)as + 2(e„a„mrf + edadrriu) - {cumd + erfm„)a5]. (17) 

Performing changes s ^ d and s m to obtain the auxihary quantities we get 

2e„(md + m^)a„ + 2{edadms + esasUid) - {edrris + e^md)a„] 
and using Eq.(ll) we obtain 



A(7) 



2 

- g^4/9 - [6 (e^a^m^j + edadinu) + Ge^a^w^^ + m^) - as{eumd + edmu) + 

6ms(e„a„ + 6^0^) - ms{euad + e^a^)] 

, 15M2 ^ 
(~ m^, a„ = = a) - 3^2^4/9 "^H^^ + edja, 

and here it is the only discrepancy between our result and the corresponding term 
in [7], as they have (19/36) instead of our (15/36). The only divergence in the 7th 
term seems to be due either to some misprint or eventually to some diagram 
we have not taken into account in the Fig.7. But the example of all the other 
contributions including those given by the diagrams of the Fig. 9 to see later ( the 
contributions of which vanishes for all baryons but A in the limit of zero masses 
of the light quarks) teaches us that an eventually missed diagram would follow 
Eq.(ll) all the same. 

We have checked our result upon applying the Eq.(12) to the obtained ex- 
pression for A(^) in order to arrive at the expression for TP'^'^\ The answer have 
coincided with that of the Eq.(17). 



9 



The difference — jfjp (~ rus) upon using Eq.(13) yields: 

^( a„ = = a)-^^(-l/4)(e„ - erf)m5a. 

coefficient (-1/4) to compare with (1/3) in [3]. Here again we see a discrepancy 
between our resuh and that of [3], while as we have seen and shall see all other 
terms perfectly satisfy Eq.(13). 

The 8th term comes from the diagrams of the Fig. 8: 



u 







Fig.8 



25^0(8) 



2_^4/9 t^'^t^] - 1 - 7sAf]2(e„m„ + edmd)as 



where from upon using Eq.(ll): 

A(8) 



edmd{2au - a^) + 2e^m^(a„ + ad) 



[ln{—) - 1 - '^EM][eufnu{2ad - as) + 



3^4/9 - 1 - Iem] 



in agreement with the result of [7, 9]. 

The difference — S^^^"* upon using Eq.(13) yields: 

V3(S°A)(^) = ■^^jjj^[ln[—]-l-'-fEM][{eumuad-edrndau)+esrns{ad-au) 
The 9th term S°(9) comes from the diagrams of the Fig. 9: 



u 



u 






u 







u 




s s 
Fig. 9 
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25]0(9) = _____[2(e„a„x«"^d + edadXdmu) - 2{euauXumu + edaaXdnid)]- 

This term is identically zero with m„ = m^. So a contribution to the A*^^^ term 
comes only from the auxiliary quantities S^^^"* and TPJ^^ : 

2E°^^^ = - ^^28/27 [2(e„a^Xuy»s + e^a^Xs^^u) - 2(e„a„x«"^« + e^a^Xs^^s)], 

"42,28/27 [^{(^dadXdms + esa^Xs^^d) - 2{edadXd'md + esa^Xs^^s)]- 
As a result we get from Eq.(ll): 

^^^"^ ^ ~ j^2X28/27 ^^[^"""^" + ^dttdXd - 2esasXs]ms - {CuauXumd + edadXdmu) - 

{euauXumu + CdaaXdrrid) + 2e^a^Xs("^« + rud)} 
and for = rUd = 0,au = ad = a, Xu = Xd = X, Xsas/xa = 



52,28/27 



[e„ + - 2es0)m^ax 



in accord with the Eq.(4) in [8]. 

The difference S^^^-* — ff^f^ upon using Eq.(13) yields: 

V3(E°A)(^) = ^^28/27 - Crf) + e^a^Xsl^^n - ^d) - {eurriu - edmd)ax] 

and for = = 0, 

which agrees with the corresponding term in [3]. 

The 10th term comes from the diagrams of the Fig. 10: 



u,d 
d,u 





u,d 
d,u 



u,d N 
d,u,-'' 




Fig. 10 




The last diagram contributes only to the k term and has an infrared divergence 
regularized by a cutoff A. Finally, 

1 

2^0(10) = [ {2k^ - ^J)m2 - «:„[/n[— ] - 1 - 7£;Af]]e.a„mrf+ 
D 2 
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1 

[g(2fi;d - ^d))M'^ ^f^d[ln[-j^] - 1 - 7EM]]edadm„. 

Performing changes {d ^ s) and {u ^ s) to construct quantities and S^^-^'^) 

and putting them into Eq.(ll) we obtain for the contribution A'^^'^^ 

1 1 

^(10) _ m^^_^2ku - - ) - 1 - 7BM]]eA(2m, - md)+ 

1 1 
M'^[—{2Kd - Cd)) - Y2'^'^f^^^ A2"'' lEM]]edad{2ms - m„)+ 

1 1 
2M^[— (2«;5 - Cs)) - ^2'^*^^"'^ A2"^ lEM]]esas{mu + ma). 

or (maintaining only terms ~ and putting Uu — ad — a, Ku — Kd — k, 



1 /\/f2 !M'2 

A('°) = (e„ + ea)[-{2K - i))M^ - K[ln{—) - 1 - ^EM]]am, 



a 



gain in full agreement with the results of [7], [9]. 

The corresponding term for E°A transition magnetic moment can be readily 
obtained through Eq.(13): 



1 A/f2 
V3(EOA)(^o) = [-(2/. - e)M2 - ) - 1 - 7EM]]Ka(e„ - e,)+ 



1 

esasXs("^„ - rrid)] (e„ - ed)[— (2k - - — «;[in(— ) - 1 - -fEMWrrisa. 

Combining all the terms A^'^^ k — 1,..., 10, we arrive at the QCD Borel sum rule 
for the A magnetic moment: 

(e„ + ed + 4e,) + (4e„ + Aea + 7e,) 

2,4/9 

-Y^^^[2(7e„ + led + e.) + 8/(2e„ + 2ed + e,)]a'- 
192L4/9 ^ A^^ ~ ~ 7£M](5e„ + Se^ + 2e,)- 
Y^^[^^( A^) - - + ed + 4e,)+ 



2 



- ^) + 1^(2^^ - Oa'Eeu + e.)(l + 2/) + 4e.0] 
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M2 ^ 

~ 5^^28/27 + ed - 2e^0)msax+ 

1 

(e« + ed)[—{2K - 0)M2 - _ K[/n(— ) - 1 - 7EM]]am, 

= /?1//Ae-^A/^'(1 + AaM^) + e.s.c. 

in agreement with [7] but the coefficient (15/36) instead of (19/36) in the 7th 
term. 

Combining all the terms (E^A)*^, k = 1, ...10, we arrive at the QCD Borel sum 
rule for the TP A transition magnetic moment: 

(e„-ed)[— 7^ + — — a,a + 



144^4/9 L '^'"'^ ' ^h?' 2A2 



M2 M2 



«[^^(^) - 1 - lEuWrUsa = /3s/5AV^/XEOAe-'^'/^'(l + ^IsoaM^) + e.s.c.(18) 



6 ^ 



5 Conclusion 

We have shown on the example of QCD Borcl sum rules for magnetic moments of 
the S and A hyperons in the version proposed in [7] that starting from the sum 
rule for the E hyperon it is straightforward to obtain the corresponding sum rule 
for the A hyperon upon using intercrossed relation Eq.(ll) as well as to construct 
a corresponding sum rule for the A — S° transition magnetic moment. 

Wc have also checked without writing it down that starting from the obtained 
QCD sum rule for the A magnetic moment and applying Eq.(12) we return to 
the initial sum rule for the TP magnetic moment. 

We have checked these formulae for the QCD Light-Cone sum rules written by 
one of us with coauthors [5] and seen that the Eqs. ((11,12) are satisfied exactly. 
The results will be published elsewhere. But we think that it is more convincing 
and instructive to take already published results in order to prove our formulae. 
Earlier similar result has been proved for the QCD mass sum rules [10] upon 
relating E° and A mass sum rules where the agreement with the sum rules of [1] 
has been found to be perfect. 

As for magnetic moment sum rules we have shown explicitly that every group 
of diagrams for E° generates according to Eqs. (11, 13) analogous groups of dia- 
grams for A and E'^A in practically full agreement with the results of [8] and [3] . 
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( The only our divergence with [8] in the 7th term seems to be due either to some 
misprint or eventually to some diagram we have not taken into account.) 

The proposed relations Eqs. (11-14) can be used not only to obtain many 
properties of the the E-like baryons from those of A-like ones et vice versa but 
also to check mutually many-terms relations for the E-like and A-like baryons. 
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